Abstract. In this paper we introduce the notions of interval-valued fuzzy bi-ideal, interval-valued anti fuzzy bi-ideal and interval-valued intuitionistic fuzzy bi-ideal in ternary semirings and some of the basic properties of these ideals are investigated. We also introduce normal interval-valued intuitionistic fuzzy ideals in ternary semirings.
Introduction
The notion of ternary algebraic system was introduced by Lehmer (see [18] ) in 1932. He investigated certain ternary algebraic systems called triplexes. In 1971, Lister (see [19] ) characterized additive semigroups of rings which are closed under the triple ring product and he called this algebraic system a ternary ring. Dutta and Kar (see [3] ) introduced a notion of ternary semirings which is a generalization of ternary rings and semirings, and they studied some properties of ternary semirings (see [3] - [9] , [12] ).
The theory of fuzzy sets was first studied by Zadeh (see [21] ) in 1965. Many papers on fuzzy sets appeared showing the importance of the concept and its applications to logic, set theory, group theory, ring theory, real analysis, topology, measure theory, etc. Interval-valued fuzzy sets were introduced independently by Zadeh (see [22] ), Grattan-Guiness (see [11] ), Sambuc (see [20] ) in the same year 1975 as a generalization of fuzzy set. An interval-valued fuzzy set is a fuzzy set whose membership function is many-valued and forms an interval in the membership scale. This idea gives the simplest method to capture the imprecision of the membership grades for a fuzzy set. Thus, interval-valued fuzzy sets provide a more adequate description of uncertainty than the traditional fuzzy sets. It is therefore important to use interval-valued fuzzy sets in applications. One of the main applications is in fuzzy control and the most computationally intensive part of fuzzy control is defuzzification. Since the transition of intervalvalued fuzzy sets usually increases the amount of computations, it is vitally important to design some faster algorithms for the necessarily defuzzification. On the other hand, Atanassov (see [1] ) introduced the notion of intuitionistic fuzzy sets as an extension of fuzzy set in which not only a membership degree is given, but also a non-membership degree is involved. Atanassov and Gargov (see [2] ) introduced the notion of interval-valued intuionistic fuzzy sets which is a common generalization of intuitionistic fuzzy sets and interval-valued fuzzy sets. Dutta et al. (see [10] ) introduced the notion of interval-valued fuzzy prime ideal of a semiring. Kar et al. (see [13] ) introduced the notion of interval-valued prime fuzzy ideal of semigroups. Kavikumar et al. (see [14] and [15] ) studied fuzzy ideals, fuzzy bi-ideals and fuzzy quasiideals in ternary semirings. Krishnaswamy and Anitha (see [16] ) and (see [17] ) studied the fuzzy prime ideals and (λ, µ)-fuzzy quasi ideals and bi-ideals in ternary semirings. In this paper we first apply the concept of interval-valued intuitionistic fuzzy sets to ternary semirings. Then we introduce the notions of interval-valued fuzzy bi-ideal, interval-valued anti fuzzy bi-ideal and interval-valued intuitionistic fuzzy bi-ideal in ternary semirings and some of the basic properties of these ideals are investigated. We also introduce normal interval-valued intuitionistic fuzzy ideals in ternary semirings.
Preliminaries
In this section, we refer to some elementary aspects of the theory of ternary semirings and intervalvalued fuzzy algebraic systems that are necessary for this paper.
Definition 2.1. [15] A nonempty set S together with a binary operation called, addition + and a ternary multiplication, denoted by juxtaposition, is said to be a ternary semiring if (S, +) is a commutative semigroup satisfying the following conditions:
Definition 2.2.
[15] Let S be a ternary semiring. If there exists an element 0 ∈ S such that 0 + x = x = x + 0 and 0xy = x0y = xy0 = 0 for all x, y ∈ S, then 0 is called the zero element or simply the zero of the ternary semiring S. In this case we say that S is a ternary semiring with zero.
Throughout this paper S denotes a ternary semiring with zero. Definition 2.3. [15] An additive subsemigroup T of S is called a ternary subsemiring of S if t 1 t 2 t 3 ∈ T for all t 1 , t 2 , t 3 ∈ T .
Definition 2.4. [15] An additive subsemigroup I of S is called a left [resp. right, lateral] ideal of S if s 1 s 2 i ∈ I [resp. is 1 s 2 ∈ I, s 1 is 2 ∈ I] for all s 1 , s 2 ∈ S and i ∈ I. If I is a left, right and lateral ideal of S, then I is called an ideal of S.
It is obvious that every ideal of a ternary semiring with zero contains the zero element. 
Let { a i }, i = 1, 2, · · · , n for some n ∈ Z + be a finite number of interval numbers, where Note: We can write µ(x) = [µ − (x), µ + (x)] for all x ∈ X, for any interval-valued fuzzy subset µ of a non empty set X, where µ − and µ + are some fuzzy subsets of X.
Definition 2.8.
[10] Let µ and ν be two interval-valued fuzzy subsets of a non-empty set X. Then µ is said to be a subset of ν, denoted by
Definition 2.9. [10] An upper level set of an interval-valued fuzzy subset µ denoted by U ( µ; t) is defined as U ( µ; t) = {x ∈ X/ µ(x) ≥ t} and a lower level set of an interval-valued fuzzy subset µ denoted by
Definition 2.10.
[10] Let µ and ν be any two interval-valued fuzzy subsets of a nonempty set X. Then
An interval-valued intuitionistic fuzzy subset (IIFS for short) defined on non-empty set S as objects of the form ) and the degree of non-membership (namely ν A (x)) for each element x ∈ S to the set A, respectively, and
For the sake of simplicity, we shall use the symbol A = ( µ A , ν A ) for the interval-valued intuitionistic
3. Interval-valued intuitionistic fuzzy bi-ideals
Example 3.2. Consider the ternary semiring S = Z − 0 , the set of all non positive integers with the usual addition and ternary multiplication. Let the interval-valued fuzzy subset µ A and ν A of S be defined by
, where U ( µ A ; s) and L( ν A ; t) are upper and lower level subsets of µ A and ν A respectively.
Definition 3.4. An interval-valued fuzzy subset µ of a ternary semiring S is said to be an interval-valued fuzzy bi-ideal of S if
Example 3.5. Consider the ternary semiring S = Z − 0 , the set of all non positive integers with the usual addition and ternary multiplication. Let the interval-valued fuzzy subset µ A of S be defined by
Definition 3.6. An interval-valued fuzzy subset µ of a ternary semiring S is said to be an interval-valued anti fuzzy bi-ideal of S if
Example 3.7. Consider the ternary semiring S = Z − 0 , the set of all non positive integers with the usual addition and ternary multiplication. Let the interval-valued fuzzy subset ν A of S be defined by
Example 3.9. Consider
Then S is a ternary semiring with respect to matrix addition and matrix multiplication. Let
Let the interval-valued fuzzy subset µ A and ν A of S be defined by Proof. Let µ be an interval-valued fuzzy bi-ideal of a ternary semiring S. Let x, y, z ∈ S. Then
Thus µ c is an interval-valued anti fuzzy bi-ideal of S. By similar argument, we can prove the converse part.
Theorem 3.11. Every interval-valued intuitionistic fuzzy ideal of S is an interval-valued intuitionistic fuzzy bi-ideal of S.
Thus A is an interval-valued intuitionistic fuzzy bi-ideal of S.
The converse of the above theorem is need not be true as given in Example 3.9. Proof.
is a bi-ideal. Conversely let S ( s, t) A be a bi-ideal of S, for any s, t ∈ D[0, 1] with s + t ≤ 1. Let x, y ∈ S such that µ A (x) = α 1 , µ A (y) = α 2 and ν A (x) = β 1 , ν A (y) = β 2 where α 1 , α 2 , β 1 , β 2 ∈ D[0, 1]. Then
Therefore A is an interval-valued intuitionistic fuzzy bi-ideal. Theorem 3.14. Let I be a non-empty subset of a ternary semiring S. Then an IIFS A = ( µ A , ν A ) defined by
where 0 ≤ s 1 < s 2 ≤ 1, 0 ≤ t 2 < t 1 ≤ 1 and s i + t i ≤ 1 for each i = 1, 2 is an interval-valued intuitionistic fuzzy bi-ideal of S if and only if I is a bi-ideal of S.
Proof. Let I be a bi-ideal of S. Let x, y, z, u, v ∈ S. If x, y, z ∈ I, then x + y, xuyvz ∈ I. Then
Conversely, let A = ( µ A , ν A ) is an interval-valued intuitionistic fuzzy bi-ideal of S. Then S ( s2, t2) A = I. So, by Theorem 3.12, I must be a bi-ideal of S.
Theorem 3.15. Let ( µ i , ν i ) i∈I be a family of interval-valued intuitionistic fuzzy bi-ideals of S then (∩ µ i , ∪ ν i ) is also an interval-valued intuitionistic fuzzy bi-ideal of S.
Proof. Let µ = i∈I µ i and ν = i∈I ν i . For any x, y, z ∈ S, Proof. It is straightforward by Theorem 3.10 and Theorem 3.16.
Definition 3.18. Let S 1 and S 2 be ternary semirings. A mapping f : S 1 → S 2 is said to be a homomorphism if f (x + y) = f (x) + f (y) and f (xyz) = f (x)f (y)f (z) for all x, y, z ∈ S 1 .
Let f : S 1 → S 2 be an onto homomorphism of ternary semirings. Note that if I is an ideal of S 1 , then f (I) is an ideal of S 2 . If S 1 and S 2 are ternary semirings with zero 0, then f (0) = 0.
Theorem 3.19. Let S 1 , S 2 be ternary semirings and let Φ : S 1 → S 2 be an onto homomorphism and let B = ( µ B , ν B ) be an interval-valued intuitionistic fuzzy bi-ideal of S 2 . Then B = ( µ B , ν B ) is an interval-valued intuitionistic fuzzy bi-ideal of S 2 if and only if
Proof. Assume B = ( µ B , ν B ) is an interval-valued intuitionistic fuzzy bi-ideal of S 2 , and let x, y, z, u, v ∈ S 1 . Then
) is an interval-valued intuitionistic fuzzy biideal of S 1 . Let y 1 , y 2 , y 3 , y 4 , y 5 ∈ S 2 such that Φ(
is an interval-valued intuitionistic fuzzy bi-ideal of S 2 . 
Proof. For any x, y, z ∈ S 1. µ 
for all x ∈ S is an interval-valued intuitionistic fuzzy right (left, lateral) ideal of S. Moreover, if Φ( µ A (0)) = 1 and Φ( ν A (0)) = 0, then A Φ is normal.
Proof. Let x, y, z ∈ S. 
